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Abstract 
The buckling loads of laminated plates  a re  predicted using a new theory which 
takes into account transverse shearing effects .  T h i s  new theory assumes 
trigonometric terms through-the-thickness i n  t$e displacements t o  take in to  
account transverse shearing e f f ec t s  i n  thick plates. Buckling loads predicted by 
the new theory and by t rad i t iona l  theories are  compared for isotropic and 
laminated plates.  The e f fec t  of p l y  orientation on the  buckling loads predicted 
by each theory is demonstrated. 
Introduction 
Classical plate  theory accurately predicts the inplane s t resses ,  displacements 
and buckling loads of t h i n  p la tes  of homogeneous materials. Conventional 
transverse shear deformation theory accurately predicts the s t resses ,  
displacements and buckling loads of thicker plates  of homogeneous materials. 
However, these theories are not as accurate when applied to  laminated plates  as  
they a re  when applied t o  isotropic plates  because they do not adequately take 
into account transverse shearing effects .  Since transverse shearing can 
s ignif icant ly  a f f ec t  the response of laminated plates ,  a theory which predicts 
the buckling loads and transverse shearing e f fec ts  more accurately than 
t rad i t iona l  theories is essent ia l  for  predicting the behavior of laminated 
plates. Such a theory is developed i n  reference 1 .  
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The purpose of t h e  p re sen t  paper is t o  apply the  theory developed i n  re ference  1 
Ooted f l a t  p l a t e s  and to  compare t h e  buckling loads for  the theory 
of re ference  1 ,  %or classical theory and for t h e  convent ional  t ransverse  shear 
a t i o n  theory for p l a t e s  of d i f f e r e n t  thicknesses .  I n  addi t ion ,  t he  effect 
of changes i n  p l y  o r i e n t a t i o n  on buckling load for t h i c k  laminated p l a t e s  is 
The results presented i n  t h i s  paper are obtained by applying t h e  theory developed 
i n  re ference  1 .  I n  re ference  1 t h e  p o t e n t i a l  energy method is used t o  obta in  
equat ions for t h e  buckling of a f l a t  p l a t e  w i t h  t h e  coord ina te  system and p l a t e  
dimensions shown i n  the  sketch. 
The series chosen t o  represent  t h e  p l a t e  displacements are shown i n  equat ions ( 1 )  
and have three t y p e s  of terms. 
. 
u(x,y,z)  - [uO 4 ua (z/h)  + u1 s in(nz/h)]  cos(nnx/a) sin(mny/b) 
v(x ,y ,z )  - [vo + va (z/h) + v1 s in (nz /h ) l  s in(nnx/a)  cos(mny/b) ( 1 )  
w(x,y,z) - [wo +wl cos(nz/h) l  s in (n tx / a )  sin(mny/b) 
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The traditional terms from classical plate theory (those independent of position 
in the z direction), and from conventional transverse shear deformation theory 
(those linear in z )  are represented by the terms with superscripts o and a, 
respectively. The assumed displacement series also includes trigonometric terms 
in the through-the-thickness or z direction, which are represented by the terms 
with superscript 1.  By including trigonometric terms in the assumed displ 
series, a more accurate solution is obtained because more transverse shear 
deformation is permitted than in the solutions with fewer assumed displacement 
terms. 
Differential equations for predicting the buckling loads of flat plates are 
developed in reference 1 by using the potential energy method and the assumed 
displacement series shown above. The equilibrium equations for the flat plate 
are obtained from: 
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t:%%z,x + t yz,y 3 dz + loading terms = 0 ( 3 )  
while the other' equations Of' equations (2)  remain unchanged. 
The differential equations represented by equations (2 )  and ( 3 )  can be reduced to 
linear equations containing only the displacement and loading terms as unknowns 
by using the following stress-strain and strain-displacement relations 
2 
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where [C 1 is the material stiffness matrix. 
iJ 
Inserting equations (4) into equations (2) and ( 3 )  and integrating in the 
thickness direction gives the following linear equations. 
ahio + khTo = 0 
Bh? + khGo = 0 
An -a + 2nn - mT -a 2nm -' - u') + G (- v + v + p(hzo + ?) + loading terms Gxz (r a YZ b T 
= o  
L -a -a h, .+ E + 24 - (L I;a + E G o  + 2, I;' + % Gl) = 0 
12 T2 n2 + 'xz h a h a U ,2 U + KV 
and 
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-o -a -1 The d isp lacements  (u , u , u ,...) i n  e q u a t i o n s  ( 5 )  are now t h e  small changes 
which occur  a t  buck l ing  and n and m are the number of half waves i n  t he  x and y 
2 2 0  Loading term8 i n  t h e  form {Nx(nr/a)  + N (ms/b) ) w  for compressive buckl ing  are 
Y 
d t o  the t h i r d  of e q u a t i o n s  ( 5 ) .  
equa t ions  by reducing  e q u a t i o n s  (5) (with t h e  load ing  terms) t o  the  form of 
Buckling loads can be found from these 
equa t ion  (61, 
[KI  ). - 0  
The lowes t  v a l u e  of Nx or N f o r  which the  de terminant  o f  [K] = 0 is the  buckl ing 
Y 
load. The fa l lowing  s e c t i o n  c o n t a i n s  numerical  r e s u l t s  f o r  t he  compressive 
buckl ing  of s imply suppor ted  p l a t e s  loaded i n  one d i r e c t i o n .  
A comparison is made between t h e  r e s u l t s  from clagsical  plate  theo ry  i n  which no 
t r a n s v e r s e  shearing is assumed, from convent iona l  t r a n s v e r s e  shear deformation 
theo ry  in which the t r angve rge  shear stress is assumed t o  vary on ly  a long  the 
l e n g t h  and width 0% the  plate, and from the theo ry  of r e f e r e n c e  1 i n  which the  
t r a n s v e r s e  shear stress, v a r i e s  i n  a l l  three c o o r d i n a t e  d i r e c t i o n s .  The 
conven t iona l  t r a n s v e r s e  shear deformat ion  theo ry  can be  ob ta ined  by n e g l e c t i n g  
the t r i g o n o m e t r i c  terms i n  the theory of r e f e r e n c e  1 and t h e  classical theo ry  can 
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be ob ta ined  by assuming the  plate t o  be very t h i n .  These three theories are 
a p p l i e d  to  a n  isotropic  plate ,  a [f'r514s lamina ted  plate and a lamina ted  
plate. A l l  of the r e s u l t s  p re sen ted  are for  s q u a r e  plates. A v a r i e t y  of 
t h i c k n e s s e s  r ang ing  from very  t h i n  t o  one- th i rd  t h e  length are examined. 
buckl ing  l o a d s  and stresses a t  buck l ing  predicted by each theory  are compared. 
The r e l a t i o n s h i p  between p l y  o r i e n t a t i o n  and buckl ing  load  is a l s o  s t u d i e d  f o r  
The 
l a m i n a t e s  f o r  s e v e r a l  t h i c k n e s s e s  and f o r  p l y  o r i e n t a t i o n s  ranging  from 0 
t o  90 degrees. 
2 The buck l ing  load parameter, k = a N / ( r 2 m 2 ) ,  is shown i n  f i g u r e  1 for  a 
s q u a r e  plate  with t h i c k n e s s e s  vary ing  from 0 t o  . 3  times t h e  l e n g t h  f o r  t he  three 
t h e o r i e s .  I n  t he  case of the t h i n  i s o t r o p i c  plate ,  t he  d i f f e r e n c e  between the  
buckl ing  l o a d s  p r e d i c t e d  by each t h e o r y  is less t h a n  one percent .  The classical 
theo ry ,  which assumes no t r a n s v e r s e  s h e a r i n g  ( T ~ ~  = T 
X 
= 01, g i v e s  a buckl ing  
YZ 
l o a d  parameter which is independent of t h i c k n e s s  and therefore on ly  a c c u r a t e  f o r  
t h i n  plates. The theo ry  i n  which the  t r a n s v e r s e  shear stress is assumed t o  be 
c o n s t a n t  th rough- the- th ickness  ( . rXz(x ,y) ;  T ( x , y ) )  g i v e s  a buckl ing  load  which 
YZ 
is s l i g h t l y  lower than  the buck l ing  load  from classical  theo ry  for t h i n  plates 
and a' buck l ing  l o a d  which is 30 p e r c e n t  lower for ve ry  th i ck  plates ( t / a  = .3), 
The t h e o r y  of r e f e r e n c e  1 ,  i n  which t h e  t r a n s v e r s e  shear stress is a f u n c t i o n  of  
a l l  three c o o r d i n a t e s  ( T ~ ~ ( X , Y , Z ) ;  T ( x , y , z ) ) ,  g i v e s  a buck l ing  load  which is 36 
YZ 
p e r c e n t  lower t h a n  the  buck l ing  load  from classical theory  for the t h i c k e s t  plate 
s t u d i e d  . 
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The buckl ing  load param er v e r s u s  the th i ckness - to - l eng th  r a t io  is for a 
lamina ted  plate of [t45]4s p l y  o r i e n t a t i o n  i n  f i g u r e  2. Were the same t r e n d  
the isatropic p l a t e .  
s e n t i a l l y  the same buck l ing  loads ,  But f 
theo ry  and t h e  
t h e a r y  of r e f e r e n c e  ? have p r e d i c t e d  buck l i  
lower, r e s p e c t i v e l y ,  t han  r e s u l t s  from classical theory .  
The buckl ing  stresses v e r s u s  t he  th i ckness - to - l eng th  ra t io  for a [di5]4s 
lamina ted  p l a t e  and f o r  a [ O l , ,  plate are shown i n  f i g u r e  3. While t h e  a d d i t i o n  
of the  t r i g o n o m e t r i c  terms decreases the predic ted  buck l ing  stress i n  both  cases, 
t h e  more s i g n i f i c a n t  decrease i s  caus by i n c l u d i n g  the  t r i g o n o m e t r i c  teras i n  
the [i45],, l amina te .  
A comparison of the byckl ing  load parameter f o r  t h e  three theories is shown i n  
f igure 4 for  p l y  o r i e n t a t i o n s  ranging from 0 t o  90 degrees. The plates  examined 
here have th i ckness - to - l eng th  ratios ( t / a )  of .05 for a very  t h i n  p la te ,  .20 f o r  
a plate wi th  i n t e r m e d i a t e  t h i c k n e s s ,  and ,30 f o r  a ve ry  t h i c k  plate. The 
classical theory gives t h e  same curve  as the conven t iona l  t r a n s v e r s e  s h e a r i n g  
theo ry  f o r  t h e  t h i n n e s t  plate, S ince  no t h i c k n e s s  effects are t aken  i n t o  account  
i n  the classical t h e o r y ,  a l l  t h i c k n e s s e s  g i v e  t he  same curve.  There is almost no 
f e r e n c e  i n  the buck l ing  loads p r e d i o t e d  by each tbeory  f o r  the  very t h i n  plate  
for a l l  p l y  orientations. The d i f f e r e n c e  between the  conven t iona l  t r a n s y e r s e  
s h e a r i n g  t h e o r y  ( ~ ~ , ( x , y )  and T (x,y3 are c o n s t a n t  through-the-thickness) and 
YZ 
the t h e o r y  of r e f e r e n c e  ? for the  p l a t s  with i n t e r m e d i a t e  t h i c k n e s s  (Wa1.20) 
ies from 5 p e r c e n t  f o r  plates wi th  8 = 4 5 O  t o  13 p e r c e n t  for 8 = 30". For the  
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t h i c k  plate ( t / a  = .30) t h e  r e d u c t i o n  i n  buckl ing  l o a d  is greater t 
f o r  a l l  o r i e n t a t i o n s  for  the theo ry  of r e f e r e n c e  1 compared t o  the  
t r a n s v e r s e  shear theory .  The largest d i f f e r e n c e  i n  buckl ing  load i 
of 17 p e r c e n t  fo r  a plate  with 8 = 45O. I n  a l l  cases excep t  t he  ve 
the buck l ing  loads p r e d i c t e d  by the  t h e o r y  of r e f e r e n c e  1 are lower than  those 
predic ted  by the  classical t h e o r y  and t h e  conven t iona l  t r a n s v e r s e  shear 
deformation theory. The t h e o r y  of r e f e r e n c e  1 allows more f l e x i b i l i t y  t h a n  t h e  
other two t h e o r i e s  by i n c l u d i n g  more terms i n  t he  assumed d isp lacement  series. 
I t  is a higher order theo ry  and is, therefore, more a c c u r a t e .  
Concluding Remarks 
R e s u l t s  are ob ta ined  f o r  a new theo ry  f o r  p r e d i c t i n g  the buckl ing  load  o f  simply 
suppor t ed  lamina ted  plates. 
assumed d isp lacement  series t o  p red ic t  t he  effects of  t r a n s v e r s e  shea r ing .  
The new theo ry  uses t r i g o n o m e t r i c  terms i n  the  
Transve r se  s h e a r i n g  causes  s i g n i f i c a n t  decreases i n  t he  buckl ing  l o a d  r e s u l t s  of 
t h i c k  lamina ted  plates.  For t h i c k  plates the  new theo ry  p r e d i c t s  buckl ing  loads  
which are as much as 30 p e r c e n t  lower t h a n  t h o s e  pred ic ted  by t r a d i t i o n a l  
t h e o r i e s .  
A parametric s t u d y  i n d i c a t e s  that  t he  + 4 5 O  p l y  o r i e n t a t i o n  is the  o r i e n t a t i o n  
most affected by t r a n s v e r s e  s h e a r i n g  i n  t h i c k  lamina tes .  A comparison of  the 
buckl ing  load r e s u l t s  from a theory  which does n o t  i n c l u d e  the  t r i g o n o m e t r i c  
terms (conven t iona l  t r a n s v e r s e  shear deformat ion  t h e o r y )  to  the  r e s u l t s  from the 
new t h e o r y  shows a decrease i n  buck l ing  load  r e s u l t s  from 12 t o  17 p e r c e n t ,  
depending o n  the p l y  o r i e n t a t i o n .  
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